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Abstract

A greedy 1-subcode is a one-dimensional subcode of minimum (sup-
port) weight. A greedy r-subcode is an r-dimensional subcode with mini-
mum support weight under the constraint that it contain a greedy (r —1)-
subcode. The r-th greedy weight e, is the support weight of a greedy
r-subcode. The greedy weights are related to the weight hierarchy. We
use recent results on the weight hierarchy of product codes to develop a
lower bound on the greedy weights of product codes.

1 Introduction

Generalised Hamming weights have received a lot of attention after Victor Wei’s
paper [11] in 1991. Chen and Klgve [2, 1] have introduced the greedy weights,
inspired by [3]. The greedy weights coincide with the generalised Hamming
weights if and only if the code satisfies the chain condition [12].

Recent works [7, 5, 10] have treated the generalised Hamming weights of
product codes. In this paper we build on the technique from [7] to give a lower
bound on the greedy weights of product codes, in terms of the greedy weights of
the component codes. We also give an analogous result for the top-down greedy
weights introduced in [8].

There are several reasons for studying the greedy weights, even if few results
have yet appeared. Recent research [9] indicates that greedy weights are valuable
for limiting the search spaces for exhaustive searches for optimal codes. It will
also be interesting to research possible relations between greedy weights and
trellis complexity of codes.

The layout of the paper is as follows. In this section we will present some
basic notation and the result on weight hierarchies. This result is included to
show how parallel the new result is. In Section 2 we define the greedy weights
and present the new result. Section 3 gives some preliminaries for the proof,
which appears in Section 4.
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1.1 Product Codes and Weight Hierarchies

An [n, k] code is a k-dimensional subspace C' £ V of some n-dimensional vector
space V. The support of a vector ¢ = (¢1,¢,...,¢,) € V is the set

x(c) :={i| e # 0},

and the support of a subset S C V is the set

x(9) == x(©).

ces
The weight hierarchy of the code C' £V is the sequence
(d1(C),da(C),...,dp(C)),

where
d-(C) ;== min{#x(D) | D £ C,dim D = r}.

Clearly d;(C) is the minimum distance, and for convenience we have dy(C) = 0.

Let Cy be an [n, k1] code and Cs an [ng, ko] code over the same field F. The
product code C; ® C5 is the tensor product of C; and C5 as vector spaces over
F. In other words

C’1®C’2:<a®b\a601,b602>,
where

a@b=(aib; |1 <i<ni,1<j<n),
a = (CLl,CLQ,-~~7an1)7
b= (b1,b2;---vbn2)'

The product code is an [n1ns, k1 k2] code.
Define

My = {i=(i1,d9,. .. 0—1) | 1 <idj < kj, 1 < j <t}

Definition 1
Let m be a map M; — {0,1,...,k;}. We call m a (ki, ks, ..., k;)-partition of r
if

LY ienm, (@) =1
2. 7 is a decreasing function in each coordinate, i.e.
W((il,...,ij,...,it_l)) S W((il,...7ij - 1,...,it_1)),
for all j where 0 < j <t and 1 < ;.

Wei and Yang [12] introduced an expression d; to serve as a bound. This
expression was generalised for products of more than two codes in [5]:

(CL®C®...®C) =min{V(r) |7 € Pk, ka,... . k;;7)},



where

Vi) = 3 T () — di, 1 (C)) gy (Co).

ieM; j=1
The chain condition says that there exists a sequence of subcodes
{0} =Dy< Dy <...<Dp=0C,

such that D; has dimension ¢ and weight d;(C). Many good codes satisfy the
chain condition, such as the Hamming, Reed-Muller, MDS, and the extended
Golay codes. Nevertheless, most codes do not satisfy this condition [3].

Theorem 1
If C1,Cs,...,Cy are arbitrary linear codes, then

d(C1RC®...0CH) >d(C1@Cy®...® Ch).
Equality holds if all the component codes satisfy the chain condition.

This theorem was finally proved in [10]. Partial results had appeared in
[12, 7, 5].

2 Greedy weights

2.1 Definitions

The greedy weights were introduced in [2, 1], inspired by some other parameters
from [3]. The greedy weights are motivated by the following problem. Consider
the Wire-Tap Channel of Type II [6] and a ‘greedy’ adversary. That is to say
that the adversary will first read bits to get one information bit as soon as
possible. Having obtained ¢ information bits, he will try to get the (i + 1)-st bit
as soon as possible. The r-th greedy weight is the least number of bits required
to obtain r information bits by this approach.

The top-down greedy weights were introduced in [7], and it was shown that
the greedy weights of C is determined by the top-down greedy weights of the
dual code.

A (bottom-up) greedy 1-subcode is a minimum 1-subcode. A (bottom-up)
greedy r-subcode, r > 2, is any r-dimensional subcode containing a (bottom-
up) greedy (r — 1)-subcode, such that no other such code has lower weight. The
r-th greedy weight e, is the weight of a greedy r-subcode

We have obviously that dy = e; and dy = e, for any k-dimensional code.
For most codes e3 > ds [3]. The chain condition is satisfied if and only if e, = d,
for all r.

A top-down greedy k-subcode is C. A top-down greedy r-subcode is a sub-
code of dimension r, contained in a greedy (r+1)-space, such that no other such
subcode has lower weight. The rth top-down greedy weight é, is the weight of
a top-down greedy r-subcode.

Remark 1

The top-down greedy weights share many properties with the (bottom-up)
greedy weights. For all codes é,. > d,.. The chain condition holds if and only if
ér = d, for all r. In general, ¢, may be equal to, greater than, or less than e,.



2.2 The result
Define the greedy differences

We define the greedy analogues of V as follows.

t—1
Ve(m) =Y exq(Co) [] er,-i, (C),
ie M, j=1
~ t—1
V() =Y &xq(Co) [] &, -, (Ch)-
ie M, j=1

We also define e and € analogously to d.

e(C1@0C®...0C) := min{VE(W) | e P(kl,kg,...,kt;r)},
é:(Cl ®CQ®®Ct) = mln{@E(ﬂ') |7T € ’P(kl,kg,...,kt;r)}.

Theorem 2
We have

6T(Cl®02®...®ct)

26 (Cl®C2®®Ct),
e (C10CR...0C) >¢é

(C10;®...0CY).

S ¥ 3%

Remark 2

The bound in the conjecture may or may not be met with equality. This is
obvious if we consider chained component codes. Then d;(C;) = e;(C;), and
d, = e!. If the product code is chained, then e, = d, = e}. Otherwise e, >
d, = e} for some r. It was shown in [7] that such a product code may or may
not be chained.

3 Preliminaries

3.1 Projective multisets

A projective multiset is a collection of projective points which are not necessarily
distinct. We usually define it as a map

v PP {0,1,2,.. ),

where «(z) is the number of times x occurs in the collection. This is extended
for any S C P*~! such that

Y(S8) = ().

zeS

We call v(S) the value of S.



Let C be a linear code and G a generator matrix for C'. Codes obtained from
C by permuting columns of G or by replacing some columns with proportional
columns are equivalent to C. The projective multiset v~ corresponding to C' is
the multiset of columns of GG, considered as projective points. The multiset v
defines C' up to equivalence.

Helleseth et al. [4] proved that there is a one-to-one correspondence between
subcodes D < C and subspaces IT < P*~! such that

dimII+dmD =k —1,
vo(IT) + w(D) = n.

This implies that
d(C) =n — max{yc(I) | TSP dimIl =k — 1 —7}.

Let D' < D < (C, and let II and II' be projective subspaces corresponding to D
and D’ respectively. Then it follows by the proof in [4] that IT < IT'.

If D is a (bottom-up) greedy (k—1—r)-subcode, then we call the correspond-
ing subspace IT a (bottom-up) greedy r-space. A (bottom-up) greedy r-space can
be equivalently defined by the following recursion. The only (bottom-up) greedy
(k — 1)-space is P*=1, A (bottom-up) greedy r-space is r-space contained in a
(bottom-up) greedy (r + 1)-space such that no other such subspace has higher
value.

Analogously, a top-down greedy r-space correspond to a top-down greedy
(k—1—r)-subcode. The only top-down greedy (—1)-space is the empty set. A
top-down greedy r-space is an r-space containing a top-down greedy (r—1)-space
such that no other such subspace has higher value.

3.2 The product of Projective Multisets

The map (a,b) — a ® b, which was used to define the tensor product, is well-
defined also for projective points. It defines the injective map known as the
Segre embedding

o PRl PRl oy plikaml

The image under the Segre embedding is called the Segre variety. This embed-
ding is well known in algebraic geometry.

Proposition 1
Let v, and 7, be the projective multisets corresponding to the codes C; and
C, respectively. Then v := o(71,72) is the projective multiset corresponding to

C1 ® Cy.

We give a precise explanation of o(v1,7y2). It means that v(a®b) = v1(a)v2(b),
and v(x) = 0 for all © which are not on the Segre variety. Proposition 1 was
proved in [7], but it should not be to hard to verify it by studying generator
matrices of Cq, Cs, and C.

3.3 Redefining the problem

Analogously to the approach for weight hierarchies we will now reformulate the
problem in terms of projective multisets.



For every m € P(kq, ka, ..., ki;7), the dual partition [10] is defined as
W*(i) = kt—ﬂ((kl—i-l,kg—i-l,...,kt_l—|—1) —i)
Note that 7* € P(k1, ks, ..., ki; k — r) where k = [[._, ki, and if 1) = 7%, then

™ =*.
We define, analogously to A;(C) in [10],

)= e =er(C) = er-1-i(0), (1)
=0

Ei(C) =& =&(C) — é&_1-4(C). (2)
j=0

Analogously to A(7) in [10] we define

E(n) =Y Ens-1(Cy) He”_l ), (3)
ieM;

E(n) := Z E,r(l) 1(C) H%fl . (4)
ieM,

Lemma 1
The above definition is equivalent to

E(r) =n—Vg(r"),
E(r) =n— Vg(r*)
Proof: We prove the first statement explicitly. The second statement is

proved similarly by replacing ¢,;(C;) with &(C;).
First note that

t—1 —
Ve(r") = Z 67r*(i)(Ct)H€k —i ( Z enr (kt1-1) (Ct) H €i,—1(C
ieM, j=1 iEM; j=1

where k denotes an all-k vector, and 1 an all-1 vector. Hence

-1

Z ek, —n(i)(Ct) Hez,fl(C )

ieEM,

We combine this with (3) to get

t—1
E(m) + Ve(m) = Y (Bxw-1(Ct) + ex—np (C0) [ ] €1,-1(C5)
ie My J=1
t—1
=N Z HGij—l(CJ)
ieEM; j=1



It only remains to prove that
t—1

Z Hﬁirl(Cj):nl'nz'...-nt,l. (5)
ieM, j=1

This is obviously true if ¢t = 2, so we prove it by induction. We have

t—1 ki1 t—2
Z H Eij—l(Cj) = Z €i,_1-1(Ci—1) Z H €i_7—1(cj)
iEM, j=1 ir_1=1 iEM,_q j=1
t—2
=Nt—1 Z H eij—l(Cj)-
ieEMe_1 j=1
Hence (5) follows by induction, and the lemma is proved. O

*

* we define E* and E, which will give bounds on E,

Similarly to ey and €
and F,.

ENCi®Cy®...0C) :=max{E(r) | 7 € P(ki,ka,...,k;r+ 1)},
E;‘(Cl RC®...0CY) = max{E‘(ﬂ) | 7€ Pki,kay.... ky;r+ 1)}

Lemma 2
The following two statements are equivalent

e(C1®0C0..0C0) >e(C1®C,®...0C,
E(C1®C®...0C) <E(CI®C®...0C).

Also the following two equations are equivalent

GC1R0C..00) > (C1®0C,®...0CY),
E(Ci10C®...0C)<E(C;00,®...0C).

Proof: By Lemma 1, we get that
ECi®C8..CH)+e(C10C®...0 C) =n.

By definition E, + e, = n. Hence the first equivalence follows. The second
equivalence is proved in the same way. O

3.4 The associated partition

Let ~y; be the projective multiset corresponding to C;. Let C' = C1QC1®...QC},
where dimC =k, and let ¢/ = O, ®...® C; with dim C’ = k’. Let v and ' be
the projective multiset corresponding to C' and C’ respectively.

The associated partition was introduced in [10]. We define it first in the case
where t = 2.

Definition 2

Let I < P*=1. For 0 <i < k; — 1, let 0;(I) be the set of points p € P*2~! such
that there is an i-space ®i(p) < P*1~1 with &% (p) ® p C II. The associated
partition of 11 is given by

(1) (3) = dim(f;_ (I1)) + 1.



Obviously 6;(IT) C 6;_;(IT). Hence m(II) is indeed a partition.
The i-th sub-partition 7|; of 7, is defined by

mliliz iz ... ie—1) = m(i i, 43, ..., tr1).
We can now define the associated partition for arbitrary ¢ by recursion.

Definition 3

Let I < P*=1, For 0 < i < k; — 1, let 6,(I) be the set of points p € PF -1
such that there is an i-space ®%(p) < P*1~! with ®%(p) ® p C II. We define the
associated partition 7(Il) by its sub-partitions w(II)|; = 7((0;—1(II))).

It is clear that 7(II) € P(ky, k2, ..., ky;r+1) for some r where dim IT > r [10].
We define ©,(IT) := (6;(II)). For every point p € P¥' =1 we let ®p(p) = B4 (p)
for the largest 7 for which this is defined.

We define a partial ordering on the set of partitions, such that 7 < ' if and
only if m(i) < 7/(i) for all i € M.

4 The proof

4.1 The Simple Case

We start with the simple case where ¢ = 2. We shall proceed by induction on ¢
in Section 4.2.

Definition 1
Let II £ PG(k — 1,q) and 7 = w(Il) € P(ki1,ke;r + 1). We call IT a normal
subspace associated with m if

1. all the (©,(II)) are greedy subspaces;

2. for each i and for all x € (©;)\(0,11) with y2(x) > 0, () is a greedy
i-space; and

3. dimIl = r.

Note that Part 2 of the definition implies that v (z) = 0 for all z € (©,)\0;
and consequently that 75(0;) = 72((0;)).

Lemma 3

Let II be a normal r-space, and let 11" < II. Then, for any partition 7’ €
P(k1, ka;r) such that 7(II") < 7' < w(II), we have yv(II") < E(x’). Equality
holds if and only if 11" is a normal subspace associated with 7'.

Note that since II is a normal subspace, X7(II) = r + 1, and Ea(I') <
dimIT” +1 < 7+ 1. Hence 7(I1") < #(IT) and there exists indeed some 7’.
Proof: We write ©) = 0,(II") and ©; = ©,(II). Observe that

ki1—1

Y@= Y el@m(@n(@). (6)

i=0 2€0!\OY, ,



We choose a partition 7’ according to the lemma. There is a unique s such
that 7'(s + 1) = n(s + 1) — 1. Let O/, be an arbitrary subspace such that

0, C O, < (6),
dim©, =dimO, —1=7'(s+1) —

Since (©,) is a greedy subspace, we get that 7(©) < Er(s41)-1(C2). Write
©) = 0O, for all i # s. Thus we get, for all 4,

@/l C (__)/ (7)
12(07) < 72(05) < Err(i41)-1(C2). (8)

If y € ©,\0,, then &1 (y) < Pr(y). Since Pp(y) is a greedy s-space
whenever 72 (y) # 0, we get that

(P ())72(y) < Es—1(C1)12(y)-
Clearly @~ (z) £ ®p(x) for all x € PG(ke — 1,¢), and
Y1(Pr(2))re(z) < Ei(Ci)ye(z), Vo € ©;\0i41.
Hence we get for any i that
Y1 (P (2))y2(x) < Ei(C1)ye(x), Vo e ©)\0);. 9)
Thus we get from (6) that

ki—1

Y <D YT pa(@)E(C). (10)

i=0 z€©!\OY,

This may be simplified further to

ki—1
Y(I") < ) Ei(Ch)y2(07\0F, )

1=0
k1—1

= 3 B(C)(2(6) — 2(004)
1=0
k1—1 k1

- Z Ei(C1)72(0]) — ZEZ 1(C1)2(67).
i=0 =1

//

Now observe that is the empty set, and ¢y(Cy) = Eo(C1). Hence

k1i—1 k1
YIT') < Y €(C)(OF) <D ei1(C1) Brriy—1(Ca) = E(r),
=0 i=1

by (8). This proves the bound in the lemma.

It remains to prove that equality depends on IT” being a normal subspace
associated with 7/. Assume therefore that y(II”) = E(xn’). To obtain this,
we must have equality in (9), which means that ®p/(x)) is a greedy i-space



whenever ~o(x) > 0, proving Property 2 in the definition. Equality is also
required in (8), which implies that (©/) must be a greedy subspace of dimension
7'(i+ 1) — 1, proving Property 1 and the fact that =(IT") = =’.

Finally we observe that dimII” < r — 1 since it is a proper subspace of II.
Also dimII” > Y7’ — 1 = r — 1. Hence dimII” = r — 1, which is the third
property in the definition. The lemma follows by induction. O

Definition 2
A greedy basis of PG(k;—1, q) is a basis pg, p1, - - . , Dk, —1 Such that (po,p1,...,pr)
is a greedy r-space for each r.

Lemma 4

Given a fixed greedy basis for each space PG(k1 — 1,q) and PG(k2 — 1, q), there
is a well-defined normal subspace 11, associated with every partition w, such
that if 7’ <, then I1.» < 1I,.

Proof: Let by,b1,...,bk,—1 be the greedy basis for PG(ky — 1,q). Write
U, = (bg,b1,...,b;).

Let po,p1,- .-, Pk,—1 be the greedy basis for PG(k; — 1, ¢). We define II,; by the
following formula,

HTr = <p1 ® lIjﬂ'(i-}—l)—l | 0 S 1< k1>
It is straightforward to verify the properties of II. O

Proposition 2
IfII £ PG(k — 1,q) is a greedy subspace of dimension r, then II is a normal
subspace and y(I) = E(w) where 7 = n(Il) € P(ky, ko;r + 1)

We omit the proof, which is exactly identical to that of Proposition 3.

Corollary 1
For all codes Cy and C5, we have

E.(C1 ® Cy) <max{E(m) | m € P(k1,ka;7 + 1)}

4.2 The General Case

We shall generalise the results from the last section by induction on . We define
normal subspaces recursively as follows.

Definition 3
Let IT1 < PG(k — 1,q) and m = w(Il) € P(k1,k2,...,ki;r +1). We call IT a
normal subspace associated with 7 if

1. for each i, (©;(IT)) is a normal subspace associated with m|;11;

2. for each i and for all x € (©;)\(©;41) with v'(z) > 0, D (x) is a greedy
i-space; and

3. dimIl = r.

10



Lemma 5

Let II be a normal r-space, and let 11" < II be a subspace. Then for any partition
7' € P(ki, ko, ..., ki;7) such that 7(11") < «’ < (1), we have v(I") < E(n’).
Equality holds if and only if 11" is a normal subspace associated with 7'.

Note that there must exist 7’ by the same reasoning used in conjunction
with Lemma 3.
Proof: This was proved for t = 2 in Lemma 3. We assume that it holds for
t — 1 and prove it for t.

We write ©) = 0,(I") and ©; = ©,(II). Observe that

ki—1
Y@ =" D A @n(@(@). (11)
i=0 z€0/\OY,,

We choose an arbitrary partition 7’ according to the lemma. We write
u; = 3mli+1 — 1 and u, := ¥7'|;41 — 1 for brevity. There is a unique s such
that v, = us — 1. Let ©/ be an arbitrary subspace such that

0f € 0 < (0.),
dim O, = dim(6y) — 1 = ul,.

Since (O;) is a normal subspace, we get that 7/(0)) < E(7’|s+1), by the induc-
tion hypothesis. Write ©, = O, for all i # s. Thus we get, for all i,

! c o, (12)
7'(07) <+'(07) < E(x'|iy1). (13)

If y € ©,\0, then P11~ (y) < P(y). Since Pr(y) is a greedy subspace of
dimension s whenever '(y) > 0, we get that

Y1 (P (1))7 () < Es—1(C1)Y ().
Clearly @ (z) £ ®py(x) for all x € PG(K' — 1,¢), and
Y1 (Pn(2)Y (z) < Ei(C1)y (z), Vo € 0;\0i1.

Hence we get for any i that

(P (7)Y (2) < Ei(C1)Y'(2), Vo € ©;\Ojy,. (14)
From (11) we find that
ky—1

Y@ <Y DY A @E(C). (15)

i=0 z€0)\OY,

This may be simplified further to
ki—1
~(IT") Z E;(C)y (0/\6Y,1)
k}l 1

—ZE@ "(©F) = +'(0711))

kll

=Y Ei(C1)Y(6]) - ZEz 1(C1)Y'(©7).
1=0

11



Now observe that O} is the empty set, and ¢,(C1) = Eo(C1). Hence

k1—1 k1
YI") < > e(C)Y(0)) <> e 1 (CHE( |i41) = E(r'),
=0 =1

by (13) and the induction hypothesis. This proves the bound in the lemma.

It remains to prove that equality depends on IT” being a normal subspace
associated with 7/. Assume therefore that v(II”) = E(n’). Then we must have
equality in (13), which requires equality in (12). It follows that w(II") = =’.
Another necessary condition for equality in (13), is that all the ©} be greedy
subspaces. By the induction hypothesis it follows that ©; is a normal subspace
associated with 7’|; 11, which is Property 1 in Definition 3

We must also have equality in (15), which in turn depends on equality in
(14). Hence @/ (z) must be a greedy subspace for all z € PG(k¥’ — 1, ¢q) such
that 7/(«) > 0. This proves Property 2 in Definition 3.

Finally we observe that dimII” < r — 1 since it is a proper subspace of II.
Also dimII” > ¥#n’ — 1 = r — 1. Hence dimII” = r — 1, which is the third
property in the definition. The lemma follows by induction. O

Lemma 6
Given a fixed greedy basis for each space PG(k; — 1, q), there is a well-defined
normal subspace I1, associated with every partition 7, such that if 7’ < 7, then
I, <11,

Proof:  This holds for ¢ = 2 by Lemma 4. We prove it for all ¢ by induc-
tion. Therefore we assume that for every w,. € P(ka,ks,...,ky;r + 1), there
is a well-defined normal subspace ¥, < PG(k’ — 1,q) associated with 7. Let
D0, D1, - - -y Pk, —1 be a greedy basis for PG(k; — 1, q).

The II,, may be given by the following formula,

Or = (pic1 @Wq, | 1 <d < Ky,
It is straightforward to verify the properties of this subspace. O

Proposition 3
If I £ PG(k — 1,q) is a greedy subspace of dimension r, then II is a normal
subspace and y(II) = E(n) where 7 = w(Il) € P(k1, ko, ..., ke;r + 1).

Proof: Note that PG(k — 1, ¢) is a normal subspace associated with m where
(i) = kt for all i € M. Also PG(k — 1,q) is the unique greedy (k — 1)-space.
Hence the lemma holds for » = k — 1. Assume that the lemma holds for ». We
will prove that then it also holds for r — 1.

Let IT and IT' be greedy subspaces of dimensions r and 7 — 1 respectively, such
that IT’ < II. By the inductive hypothesis, IT is a normal subspace associated
with some partition 7. Also write 7’ = 7(II'). By Lemma 5, v(I') < E(n"’) for
every partition 7' € P(ky, ke, ..., ky;r) with 7/ < 7" < 7.

By Lemma 4, there exists, for every such partition 7”/, a normal subspace
II» < II of value E(n"), so E._1 > E(n"), and thus v(II') = E(7”) and II' is
a normal subspace by Lemma 5. The lemma follows by induction. (]

12



Corollary 1
For any family codes C1,Cs,...,C;, we have

E(C1®C®...0C) <max{E(m) |7 € Plki,ka,... ., k;;r+ 1)}

This proves the first bound of Theorem 2. We can in fact phrase a stronger
result. We know that equality holds for » = k — 1, since Eyx_1 = Ap_1. Let
P. CP(ky,ka,...,ki;r + 1) be the set of partitions achieving the maximum in
the corollary. Then we have that

E’I(C) = maX{E(ﬂ-) | (S P(klak27 . '7kt;r+ 1))37‘-/ € PT"+177T S ﬂ-/}'

The problem with such an expression is of course that we must compute all
the E, in sequence, and we must find all partitions achieving maximum in each
step.

4.3 Top-down Greedy Weights

The proof for top-down greedy weights is very similar to that for bottom-up
greedy weights (and just as long). We will only list the definitions and the main
lemmata for the induction step. The proofs can be filled in by following the
pattern of the preceding sections.

Definition 4
Let II < PG(k — 1,q) and 7 = «n(Il) € P(ky,ka,..., k7 +1). We call II a
top-down normal subspace associated with m if

1. for each i, ©;(11) is a top-down normal subspace associated with 7|;11 (or
ift = 2, a top-down greedy i-space).

2. for each i and for all x € ©,\©) with +'(z) > 0, ®(x) is a top-down
greedy i-space.

3. dimIl = r.

Lemma 7

Let II be a top-down normal r-space, and let II” > II be an (r + 1)-space.
Then v(I1") < E(n(11"")). Equality holds if and only if 11" is a top-down normal
subspace.

Definition 5
A top-down greedy basis PG(k; — 1,q) is a basis pg,p1,...,DPk,—1 Such that
(p; | 0 <i<r)is a top-down greedy r-space.

Lemma 8

Given a fixed top-down greedy basis for each space PG(k; — 1,q), there is a
well-defined top-down normal subspace Il associated with every partition m,
such that if n’ <, then II., < I1,.

Proposition 4
IfT1 £ PG(k — 1,q) is a top-down greedy subspace of dimension r, then 11 is a

normal subspace and ~(II) = E(w) where

7T:7T(H) Ep(k1,k2,...,kt;r—|—1).
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Corollary 2
For any family codes C1,Cs,...,C;, we have

E(Ci1®Cy®...®C) <max{E(r) | me Pk, ko,... kyr+1)}.

This proves the second bound of Theorem 2.
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